This paper deals with a competition model between two species for two growth-limiting and perfectly complementary resources in the unstirred chemostat. The main purpose is to determine the exact range of the parameters of two species so that the system possesses positive solutions, and to investigate multiple positive steady states of the system. The main tools used here include the monotone methods and the topological fixed point theory developed by Amann.
initial values. For the case of two perfectly substitutable resources, the existence of a positive steady-state solution was determined. In [20] , a mathematical model of competition between two species for two perfectly complementary resources in the unstirred chemostat was considered. Some sufficient conditions for the existence of a positive steady-state solution were established analytically. However, the exact parameter range where the model has a positive solution is not clear. On the other hand, numerical simulations in [20] reveal that there are regions in parameter space for which multiple positive steady states may occur. But rigorous mathematical analysis about this result has not been established.
In this paper, we also study the unstirred chemostat model of competition between two species for two perfectly complementary resources, which takes the form of the following reaction-diffusion equations (see [20] ): The purpose of this paper is to characterize the exact range of the parameters of two species so that the system possesses positive solutions, and to investigate multiple positive steady states of (1.1). Specifically, we consider the coupled system of the equations
It is easy to see that
Then the system (1.2) may be written as
For simplicity, we drop the bars over the non-dimensional quantities. We are mainly interested in positive solutions of (EP). Hence, there is no loss of generality if we redefine the response functions as follows:
As mentioned before, the main goal of this paper is to determine the exact range of the parameters so that the system possesses positive solutions, and to determine when the numerical simulations results in [20] hold rigorously. The contents of the paper are as follows: In Section 2, we present some basic results and calculate the index of the operator F at neighborhoods of the trivial and semi-trivial non-negative solutions. In Section 3, the boundary of the existence region Σ of positive solutions to (EP) is constructed by two monotone non-decreasing functions H 1 (n), H 2 (m), and multiplicity of positive steady-state solution is established in certain subregion of Σ .
Preliminaries
In this section, we first present some basic results which will be used in this paper. Secondly, we construct an operator with some monotonity and calculate the index of the operator at neighborhoods of the trivial and semi-trivial non-negative fixed points. 
Next, we derive some a priori estimates for positive solutions of (EP). To this end, we introduce some notations and recall some well-known facts. Let λ 1 , σ 1 be respectively the principal eigenvalues of the problems:
with the corresponding positive eigenfunctions uniquely determined by the normalization max
is well known (see [20] ) that if m λ 1 , zero is the unique non-negative solution of the boundary value problem Similarly, for the other steady-state one-species problem
the same outcomes hold. For the sake of convenience, we denote the unique positive solution by ϑ n , which satisfies 0 < ϑ n < min{ (u, v) is the non-negative solution of (EP). Then (u, v) 
In [20] , the proof of Theorem 2.3 is based on the topological fixed point theory developed by Amann [1] . Thus a compact operator T was introduced in [20] . It is easy to see that the operator T is non-monotonic. However, the main idea of characterizing the existence region of positive solutions to (EP) is based on the monotone method. Thus we need to construct an operator with some monotonity. For this purpose, we introduce the spaces:
, 
In order to use the degree theory, we need to calculate the index of the operator F at neighborhoods of these non-negative fixed points. 
Proof. Noting that the definition of θ m , ϑ n , for given 0 > 0 sufficiently small, we can take 0 < δ < δ 0 
with the usual boundary conditions. It follows from the monotone method and the uniqueness of u * , v * that u u * , v v * .
On the other hand, by L p estimate and the Sobolev embedding theorem, we proceed as in the proof of Theorem 2.5 in [22] to obtain 
Proof. Here we only prove (i), because the proof of (ii) is similar. For this purpose, we define 
where 
It is easy to find that u = θ m based on m > λ 1 . On the other hand, if n <σ 1 (m) (or n >σ 1 (m)), one can claim that the principal eigenvalueσ 1 (m) of the following problem is negative (or positive)
Hence, v ≡ 0 by substituting u = θ m into the second equation of (2.5). Thus, (θ m , 0) is the unique fixed point of
Next, we show that T (τ ) has no fixed point on ∂ O + (θ m , 0) ∩ W . Otherwise, it follows from the first equation of (2.6) that u = θ m , and substituting this into the second equation of (2.6), we obtain that v ≡ 0 based on n =σ 1 (m). Hence the only fixed point of
On the other hand, it is easy to see that
where
Hence, by the homotopy invariance of topological degree and the product theorem for fixed points that
Noting that T 2 is a linear compact operator, one can claim that T 2 has no eigenvalue greater than 1 with positive eigenfunction in C 
m).
Next, we show that index(
By the similar arguments as in the proof of Lemma 2.2, we can show that u min{
which implies that u is a super-solution of (2.1). By the monotone method and the uniqueness of θ m , one can assert that u θ m . This is a contradiction to u = δ 0 . Hence, index(T 1 ,
Combining the above results, we obtain
Remark. According to Lemmas 2.5-2.7, we can also assert that Theorem 2.3 holds.
Characterization of the existence region for positive solutions
The goal of this section is to show that the existence region Σ of positive solutions to (EP) is convex, and its boundary consists of two curves which are determined by two monotone non-decreasing functions G 1 (m, n) and G 2 (m, n). For this purpose, we first construct the functions G 1 , G 2 .
Our approach to this problem is by the method of super-and sub-solutions. Note that
The pairs (ũ,ṽ) and (û,v) are called super-and sub-solutions of (EP) if
Furthermore, ifû ũ andv ṽ, then the pairs (ũ,ṽ) and (û,v) are called ordered super-and sub-solutions of (EP). Let u 0 , v 0 be the maximal non-negative solutions of the following problems, respectively, 
By the monotone method and the uniqueness of positive solutions to (2.1) or (2.2), one can claim that
Moreover, it is easy to verify that the pairs (u 0 , v 0 ) and (u 0 , v 0 ) are ordered super-and sub-solutions of (EP). Let 
(u(x, t), v(x, t)) and (u(x, t), v(x, t)) be the solutions of the time-dependent problem
Noting that the couple system is quasimonotone non-increasing and the initial conditions (u 0 , v 0 ) and (u 0 , v 0 ) are ordered super-and sub-solutions of the steady-state problem of (3.5), we can claim that the time-dependent functions u(x, t) and v(x, t) are monotone nonincreasing in t, and u(x, t), v(x, t) are monotone non-decreasing in t. Moreover, the limits
exist and are solutions of (EP). Define
where λ 1 (q(x)) is given by Lemma 2.1. Next, we show that the set Σ can be described by the set of Proof. Let (m, n) ∈ Σ and (u(x), v(x)) be a positive solution of (EP). Then it follows from Lemma 2.2 that 
By virtue of the monotone convergence property of (u(x, t), v(x, t)) and (u( 
This implies that
Then there are four possibilities:
It follows from Theorem 2.3 that for the cases (i) and (ii), (EP) has at least one positive solution, that is, (m, n) ∈ Σ . The remain task is to show that (m, n) ∈ Σ for the cases (iii) and (iv). Since the proof for these two cases is similar, we only consider the case (iii): m <λ 1 (n), n >σ 1 (m). First, since n >σ 1 (m), it is easy to see that the problem (3.2) has only one positive solution v 0 . Hence the solution (u(x, t), v(x, t)) of (3.5) with (u( Now, we begin to characterize the boundary of Σ . To this end, we first give the following lemma. Proof. In view of the smooth and bounded property of g 1 , g 2 , we know that there exists M > 0 sufficiently large such that F 1 (u, v) is monotone non-decreasing in u and F 2 (u, v) is monotone non-decreasing in v, where
Hence, for any (ξ, η) ∈ I, we have
Then the positive property of (− 
It suffices to show that the boundary of Σ consists of the two curves Γ 1 : m = H 1 (n), Γ 2 : n = H 2 (m), which are increasing with respect to n and m, respectively. This property can be described by considering the horizontal and vertical slices of Σ which are given by given by [20] . Fig. 2 . Two positive solutions of (EP) with m = 4, n = 4.16. Moreover, we also checked that m >λ 1 (n), n <σ 1 (m) by numerical calculation method in [20] .
On the other hand, the assumption H 1 (n) < m <λ 1 (n), n >σ 1 (m) implies that index(F , Fig. 1 and m = 4, n = 4.16 in Fig. 2 . The numerical computations indicate that the multiple positive steady-state solutions of (EP) do exist in the two cases above (see Figs. 1 and 2) . Moreover, by numerical calculation method, which is given by [20] , we checked that m <λ 1 (n), n >σ 1 (m) when m = 3, n = 4.84; and m >λ 1 (n), n <σ 1 (m) when m = 4, n = 4.16.
